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EXPECTED SIGNATURE OF GAUSSIAN PROCESSES WITH 
STRICTLY REGULAR KERNELS 

HORATIO BOEDIHARDJO, ANASTASIA PAPAVASILIOU, AND ZHONGMIN QIAN 
Abstract. We compute the expected signature of fractional Brownian motion 



^ ■ with Hurst parameter H > i^. Our method generaUses to a class of Gaussian 



^ processes which is a subclass of the Gaussian processes with regular kernels, 

■*^ ' in the sense of |AMN01| . 



1. Introduction 



Ph , The expected signature of a stochastic process was first studied by T. Fawcett in 

(— I ' |Faw03| , who calculated the expected signature of Brownian motion. This is used in 

|LV04) to calculate the cubature measure which approximates the Wiener measure. 
Since then, interests in the subject have grown. In |LHllJ, Ni and Lyons expressed 
the expected signature of Brownian motion in a disc up to the first exit time in 
terms of the solution of a PDE. In [ Werl2| , the first three gradings of the expected 
signature of the Chordal SLE measure were explicitly calculated. In this article we 
^ ' calculate the expected signature of Gaussian processes with strictly regular kernel 

(defined in next section). These are Gaussian processes with regular kernels (see 

Qs ' [AMNOlj ) which do not have Brownian components. 

,^ ■ 2. Main result 

^^ ' We will first recall some notations. 

Let T > be fixed throughout this note. 
Let A' ;= {(t,s) e K^ : < s < i < T}. 
Let K (•, •) : A' — > K be a function such that: 
(KI) For each r, K {-^r) is absolutely continuous on (r, T]. 
5^: (K2) ii:(r+,r) =OVr e [0,T] 

(K3) Let \K\ {{r,T],r) denote the total variation of i^(-,r) on {r,T]. Then 



/ \K\{{r,T],r) dr < oo 
Jo 



If we remove the condition (K2) and weaken the absolute continuity condition 
in (Kl) to bounded total variation, then we recover the notion of regular kernel 
in [AMNOl| . These extra conditions mean that our Gaussian processes have to be 
strictly smoother than Brownian motion. 

Let diK denote the derivative of K with respect to its first coordinate. 

Let Wt be a Gaussian process of the form 

(2.1) Wt-.^ I K{t,r)dBr te[0,T] 

Jo 

where dBr denote the integration with respect to the Ito's sense. 

1 
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We shall call a Gaussian process W of the form (|2.1|) . where K satisfies (Kl), 
(K2) and (K3), a Gaussian process with a strictly regular kernel K. 

A d-diniensional Gaussian process with a strictly regular kernel is a process 
whose coordinate components are independent and identically distributed copies of 
a Gaussian process with a strictly regular kernel. 

The expected signature of such process will be expressed in terms of pairings, 
which we shall recall below: 

Definition 1. A set tt is a pairing of {1, 2, . . . , 2n — 1, 2n} if there exists two 
injective functions a : {1, . . . ,n} — > {1,..., 2n} and b : {l,...,n} — > {1,..., 2n} 
such that a{i) < b {{) for all i and 

TT = {{a{i),b{i)) : i = l,..,n} 

Let E2n be a subset of {1,2,..., d} " such that (ii, . . . , 12,1) S E2n if and only if 
for all k € {1, 2, . . . , d}, the set 

{j : ij = k} 

has an even number of elements. 

Let n2„ denote the set of all possible pairings of {1, 2, ... , 2n}. Given (ii, . . . , i2n) € 
{1, 2, . . . , d} ", define lii^,...^i2,, to be a subset of n2„ whose elements tt satisfy 

We can now state our main result: 

Theorem 2. Let W be a d- dimensional Gaussian process with a strictly regular 
kernel K. If k = 2n for some n E N, and (ii, . . . ,i2n) G E2n, then the projection 
to the basis e^^ (8) e^^... ® e^^ of the expected signature of W up to time T is 






Uj/\Ui 

[diK{u,,r)][diK{ui,r)]dr 



dui.Aur, 



where A2n (T) denotes the simplex \{ui, . . . ,U2n) G IR^" : < iti < . . . < U2n < Tj. 
The projection to the basis e^, (X> e^^ . . . ® e^^ is zero otherwise. 

Applying this to fractional Brownian motions with Hurst parameter H > 2, we 
have the following: 

Proposition 3. Let H > ^. If k = 2n for some n £ N, and (ii, . . . , i2„) 6 i?2n; 
then the projection to the basis e^, 86^3 . . .(8)6^^. of the expected signature of fractional 
Brownian Motion with Hurst parameter H up to time T is 



V {H{2H-l)T"Y j 11(^1,,)^, {u, ~ Uif" ^dm...du2n 

where l\2n (1) denotes the simplex {(ui, . . . ,M2n) S K^" : < Ui < . . . < U2n £ l}- 
T/ie projection to the basis e^, (8) 6^2 ... ® e^^, is zero otherwise. 

The key idea of the calculation, inspired by |CQOO| , is to first calculate the 
expected signature of the piecewise linear approximation of these Gaussian process. 
In section 2, we shall recall the properties of Gaussian rough paths. 
In section 3, we shall prove the main result Theorem [21 
We would like to thank Xi Geng for useful discussions. 
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3. Signature of Gaussian process 

3.1. Gaussan process. Recall that A' := {(i, s) G M^ : < s < i < T}. 

Let K (•, •) : A' — s> M be a function satisfying the conditions (Kl), (K2) and (K3) 
in Section 1.1, and W : [0,T] ^ R he a Gaussian process satisfying (|2.ip . 
Then Wt is a Gaussian process with the covariance function 

rtAs 

(3.1) i?(i,s):=/ K{t,r)K{s,r)dr 

Jo 

The integral in (|3.ip exists by condition (K3). 

By (Kl) and (K2), we have diK (•,r) e L^{r,T] and 

ft 



K{t,u)= I diK{u,r)du 

J r 



Thus (|3.ip becomes 

R{t,s)^ / / diK{u,r)diK{v,r)dudvdr 

Jo Jr Jr 

By Tonelli's theorem, we have the following equality: 

rt r ruAv 



dudv 



(3.2) R{t,s)= f f f [diK{u,r)][diK{v,r)]dr 

Jo Jo VJo 

We shall denote the function /„ [diK (u, r)] [diK (t;, ?■)] dr by / (u, v). 
Note in particular that /(•,•) G i^([0,T] x [0,T]) by Tonelh's theorem and 
(K3). 

To summarise, we have 

R{t,s)~ / f{u,v)dudv 
Jo Jo 

where /eLi([0,r] x [0,r]). 

This means that for u < v and s < i in [0, T], we have 

E [{Wt - Ws) {Wu -W,)]^ f f f {u, v) dudv. 

J V J s 

This expression will be key to our computation. 

By the definition of /, we also have / {u, v) = f (v, u). 

We summarise our calculations in the following lemma: 

Lemma 4. Let W : [0,T] ^>- R be a Gaussian process with a strictly regular kernel 
K. Then there exists an integrable function / : [0,T] — 5- M such that f (u,v) = 
/ (u, u), and 

E [{Wt - Ws) {Wu ~Wy)]= f f f (u, v) dudv 

J V J s 

3.2. Geometric rough paths. Let T" (WL'^) and T (R'') denote the graded alge- 
bras on R'' defined by 

T" {R'') := e^^o {R'^f' 
and 



T (j.-i j .— KOk^Q 



where {R'^)®° 
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We shall define three projection maps as follow: 

(1) 7r„ will denote the projection map from T (M'') -^ (M'') 

(2) If / = («i,..,i„) e N", then tt/ denote the projection map onto the basis 
eii (8) • • • (8) ei„ . 

(3) 7r(") denote the projection of an element of T {W^) onto T" (W^) . 

We equip (R'') with a metric by identifying (R'') with W^ , and we equip 
T" (M'') with the metric 

Let p > 1 and let V^ (R'^) denote the set of all continuous functions / : [0, T] -^ 
R'^ with finite p-variation, i.e. 

(3.3) \\f\\;:^supJ2\fit,+,)-fit,)r<oo. 

^ k 

where the supremum is taken over all finite partitions V :~ (ig, ii, ••, tn-i, in), with 
= io < ii < • • • < tn-l < tn = T. 

We will now define the signature of functions in V^ . 

Definitions. Let/ e V^ (R'^), andlet A„ (s, t) := {(ii,...,i„) : s < ii < • ■ • < i„ < i}. 
The Signature of / is a function 5" (/) : {{s, t) : < s < t} ^ T (R'^) , defined by 



OO 



^(/).t = i + E/ d/(ii)®...®d/(t„) 

where the sum + is the direct sum operation in T (W^j , and the integrals are taken 
in the Lebesgue-Stieltjes sense. 

Note in particular that 7r„ ( S (f)^ A — j\ . J^ d/ (ti) ® . . . (g) d/ (t„) and will 
be called the n-th grading of the signature of /. 

The signature of a path satisfies the Chen's identity: 

sU)s,u®s{.f\, ^s{f),, yo<s<u<t<T 

For paths which do not have finite variation, such as sample paths of Brownian 
motion, the signatures have to be defined using geometric rough paths. They are 
constructed using the following metric. Let A := {{s,t) :0 < s <t < T}. 

Definition 6. Let w^jw"^ be functions from A to T" (M''). We define 

(p\ p 

and 

where sup^, runs over all partitions to — < ti < t2 < ■■ < tn = T, and [pj is the 
biggest integer that is less than p. dp {■, ■) is known as the p-variation metric. 

Let C'P-^"'- ([0, T] , T" (R'^)) denote the set of all continuous function w from A 
to T" (R'^) such that dp {w, 0) < oo. 
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Let Gflp (M'*) be the closure of the set (tt^LpJ) {S {w)) : w e V^ {R'^) } under the 
p-variation metric in C'p~'""' ([0,T] ,tLpJ (M'')). G^p {R'^) is caUed the space of 
p— geometric rough paths. 

This means that a continuous function w : [0,T] ^ tLpJ (R'') hes in Gftp (R"^) 
if we can approximate w in the p -variation metric by signatures of paths which 
have finite variations. One candidate of such approximation is the piecewise hnear 
approximation, defined as below; 

Definition 7. Let w : [0, T] — > R*^ be a continuous function. 

Let D = {0 = to < ti < .. < tn = T) be a partition of [0,T]. We define the 
piecewise linear interpolation of w with respect to the partition 2? by 

w^ (t) := w (t,) + ^(^^+i)-^fe) (i _t^^te [t„t.+i] . 
t'i+i — ti 

One final fact we need about geometric rough paths is that: 

Theorem 8. (^ |Lynl| ; Let w e Cp-""''' ([0,r] ,tLpJ (R'^)) and that w is multiplica- 
tive, in the sense that 

for all < s < u < t. Then for all N > [p\, there exists a unique multiplicative 
function Sn (w) G CP"""'' ([0,T] ,r" (R**)) such that 

7r(LpJ)(S'jv(u;))=u; 

3.3. Signature of Gaussian processes. Recall that A denote {{s,t) '■ < s < t < T}. 

Let /:AxA— >Rbea function. We shall follow ^FVIO] and use the notation 

f s t \ 
f [ ' to denote, for s < t and v < u, 

•' \ u,v J ' - - ' 

/( '^ll ) ■.^f{s,u) + fit,v)-fis,v)-fit,u) 

and a function / : [0, T] — > R is said to have finite p- variation if \f\p_yar-lo t]^ ^ °°' 
where 



(3-4) \f\p-var:[,.t]x[u.v]^ ^Up ^ 

it.)ev{[s,t]) \^,, 
{t'i)ev{[u,v]) 



Ti , T 



I '■i+l 



'-J'S + l 



and T) ([a, b]) denotes a partition of the interval [a, b]. 

For a function cj : A x A — > [0, oo), we shall denote, for [s, t] x [i;, u] E [0, T] , 

uj ([s, t] X [v, u]) :— tu (s, t, V, u) 

Definition 9. A 2D control is a continuous function w : A x A ^ [0, oo) such that 
for all rectangles i?i,i?2,i? in [0, T] x [0, T], such that if i^i U i?2 C i? , i?i n i?2 = 0, 
then 

UJ {Ri) + Lo {R2) <uj{R) 

and that for all rectangles R with zero Lebesgue measure in R^ we have 

uj{R) = 
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Definition 10. Let w : A x A — > [0, cx)) be a 2D control and let / : A x A — > M 
be a continuous function. We say that lo controls the p-variation of f if for all 

[s,t] X [u,v] C [0,^]^ 



/ 



s, t 



< LU ([s,t] X [u,v\) 



Lemma 11. (]FV10j, Lemma 5.56) Let /:AxA— >M6ea continuous function. 
Then f has finite p-variation if and only if there exists a 2D control u such that lo 
controls the p-variation of f . 

We may now recall the existence and some properties of the signatures of Gauss- 
ian processes with strictly regular kernels. 

Let X be a d-dimensional Gaussian process, then its covariance function is de- 
fined as Rx (s, t) := E [X^ ® Xt]. 

The following theorem gives the existence of the signatures of some Gaussian 



processes and the approximation result that the limit of E 



^(^^)o, 



as \\Dl 







IS 



Theorem 12. (^FRj ) Let X = {X^,..,X'^) : [0,1] -^ W^ he a centred, continuous 
Gaussian process on a probability space (ri,J^, P), with X^,X^ being independent 
^/ * 7^ J- Assume that the covariance function of X , denoted by Rx, has finite 
p-variation for some p £ [1,2) and that there exists a finite constant K such that 
\-^x\„_yar \o 11^ — ^ (^^^ {3- 4-^ )- Then there exists a process X with sample paths 
almost surely in 0^-'""'' ([0,1] ,G'LpJ (R'')) for all p e (2p,4), such that for any 
1 > P , ^ 



H — > 1 and any q > 2j and N E N there exists a constant C 



C {q, p, 7, K, N) such that for all r > 1, 

(5Ar(xW),5Ar(X 



(N) 
rq—var 



< Cr 2 sup 

i"^ 0<t<l 



XI 



(k) 



Xt 



L2 



for any pieceswise linear interpolation X^^' of X , where the width of the partition 



is smaller than i . 



Definition 13. Let X be a process satisfying the conditions in Theorem [T^ we 
shall denote the process X in Theorem [T^ by S {X) and the expected signature of 

X on [0, T] is defined to be E \s {X)qj, . 



Proposition 14. Let X be a d-dimensional Gaussian process with a strictly regular 
kernel. Then the covariance function of X has finite 1-variations. 

Moreover, let D™ be the dyadic partition 13™ = I 0, ^t^, |^, .., - — 2 
for all n eN, 



,T] . Then 



E 



Sn [X 



-D" 



- E [Sn (X) 







as m ^ 00, where \-\ is the norm induced by identifying {W^^ with M'' . 

Proof. By Lemma 2] and its notation, the 1-variations of the covariance function of 
X, Rx, is contoUed by 

uj{[s,t]x[u,v]) := / \f{x,y)\dxdy 
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Thus by Lemma 111) Rx has finite 1-variations. Moreover, tlie total 1-variation of 
Rx on [0,r] is bomided above by J„ J„ \f {x,y)\dxdy . Therefore, Theorem [T2l 
applies. 

Observe that we have, in the pathwise sense, the following inequality for all 

TV e N,g > 2: 



Sn \X° j^^-S'jv(X)o, 



< 



AN) 



Pq-var[SN [X 1 , 5jv (X) 



Thus by Theorem [T^] which also applies when we replace the interval [0, 1] with 
[0,r], the only thing to prove is 



sup 

0<t<T 



xr-x, 



L2 







Let i^ := ^T. Then for f^ <t< i™^^^^, we have 



xr - xt 



< 



Xt^ - Xt 



t-tl 



fin fm 

''fe+1 "-fc 



Thus by Leamm|4]and its notation. 



Xf -X, 



< 



L2 



X, 



t- - Xt 

'■k + 1 '' 



t~tl 



r 9 \ ^fn -fm 



Xt^ - Xt 



Ut- - Xt 



'-fc+1 '- 

j-m 4-7H 

''k+1 '■fc 



fin _ f 
''fc+1 '■ 

L^ \ fm j-m 

^ '-fc+1 '-fe 



< 



t-fl 



'-fc+1 '-fc 



1/ (m, v)\ dudv 



'-fc+l ^ 
'-fc+1 "-fc 



1/ (m, v)\ dudv 



*r.*r 



Note 



< 2 



1/ {u,v)\ dudv 



*™'*M-lJ / 



sup 

0<t<l 



^Z'" - Xt 



L2 



< 


4 max 

l<fc<2"^„ 


/ ^Jf{u,v)\dudv 


< 


'1 


1/ (u, v)\ dudv 




•^ur:jc 


^C..]^ 



The set U^^j^ [^IT'^fc+i] converge to a set with Lebesgue measure zero as to ^ 
00, and / is integrable on R^. Thus 



sup 

0<t<l 



-D 



Xt^ -Xt 



L2 



as 771 — >■ oo. 



D 



4. Computation 



Li this section we shall calculate the expected signatures of Gaussian processes 
with regular kernels. 

We will first carry out some preliminary calculation. Recall that / is the function 
defined in Lemma HI 
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Let t™ denote the dyadic point i^T. 
Define q^, with 1 < i < 2", 1 < j < 2", by 



^^,] 



/(",«) If 



Given a continuous path W : [0,r] - 
of W by the function 

Wo 

W{m)^ 



. rod 



dudw 
, we define the dyadic approximation 

i = 



E. {wi^ + T^ (^r - ^k-) (^ - ^" i)) e. t e (i|f_i,ir] 

Let H^ be a d-dimensional Gaussian process with a strictly regular kernel, and 
let W (m) be the random process obtained from the dyadic linear interpolation of 
its sample paths. 

Let (fci, . . . , fc27v) be a finite sequence of natural numbers, satisfying I < ki < 
k2 < ■■ < k2N < 2™. Then the symbol |#A: = 1| will denote the number of elements 
in the set {j : kj = 1}, and in general, \^k — i\ be the number of elements in the 
set {j : kj — i}. 

The following lemma summarises our preliminary calculation: 

Lemma 15. If k — 2n for some n and ii, ..,i2n G £'2n; then the projection onto 
the basis e,, (E 



E 



^e,, ofE[S{W{m))„^] is 



E 

l<ki<k2<. . .<k2n<2" 



1 



|#fc = l|!...|#fc==2"|! 



n 



(jd)e-nCki,kj 



otherwise the projection onto Ci-^ ® ■ ■ ■ ® Ci^ o/ E I 5 {W {m))^ ^ ) is zero. 



Remark 16. In fact we can prove by induction that 
1 



tl!* i.tr* X...X t™ , ,t™ nA2jv 



|#A: = l|!...|#fc = 2'"|! 
but we shall not need it here. 
Proof. Define Xk : [C-i-C] ^ '^'^ by 

Xk it) = E H + |!^ K - "^k-) (* - ^" i)) e 



Idui . . .du 



2N 



Then 

S{Xk) 



i + Er=iL 



, <si<..<s„<tr" *i 



)dX., 



= i + E,T=iL 



I <si<..<s„<t] 



'^ + En=l Ei T \^ 



wi. 






n 


E.^ 


\ ^k 


-1 


\ -1 ®n 


W7^>. 


.'-■ , 


^t' 




O-l 


» 



W/„ le, 

fc — 1 



<si<..<s„<tr 



dsi . . . dsn 
dsi . . . dsn 



1 /f m j-tn \ ^ 



By Chen's identity, 

(4.1) S{W{m)^) 



E 



x.KtT--^^ 



E.K; 



-H';^ 
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We have 



=^'("^-"^-)^'-e^(eK-^.>^)' 



The coefRcient of e^^ ® e^j 



ei^ in the expansion of 



2"^gE.Kfe-H'^-i)e 



>'k=l 



5fc=l 



j=0 ■' \ % 



Wl^-Wl^^e. 



IS 



E 



n"^! w^ - w^ 



|#/s = l|!...|#fc = 2"M! 

I<fel<fe2<...<fc„<2"^ ITT I ITT I 

If n were odd, then as the expected value of the product of an odd number 
of Gaussian random variables is zero, we have the coefficient oi ei^ ® . . . (i) e^^ in 

E [s {W (m))o j^ being zero. 

If (ii, ■■,i2n) ^ £'2n, then since the process {Wt '■ t > 0) has independent compo- 
nents and that the expected value of the product of an odd number of Gaussian 
random variables is zero, thus 



E mu w:l - w;. 







which implies 



= 



when (ii,..,«2„) ^ E2n- 

We now calculate the projection to e^^ (g) ■ • • Ci^^ of E ( 5 (W (m.))g j ) , which 
by Wick's formula equals 

(4.2) 

TM,...,^.jE(5(iy(m)V,' 

= I]7ren.j,...,i2„ I]l<fci<...<fc2„<2" |#fc=l|!...|#fe=2'"|!n(ZJ)e7rIE ( W^i, - W^r, 



1 ] (w% 

^7ren,j,...,i2,^ Z.^l<fci<...<fc2„<2™ |#fc=l|!...|#fe=2'"|! ' ^{Uj)eiTCki ,kj 



Wi 



where X^Tren ^^ ^^^ sum over all possible pairings (/,j), j > / from the set 

n.,,...,.,„. *' "" D 

The following lemma is crucial to our calculation of the sum in Lemma 1151 
Lemma 17. For i>\ and any pairing tt of {1, .., 2?i}, 

l<fel<..<fei=fei + i<fei + 2...<fe2„<2™ 

Proof. If (i, i + 1) G TT. then 

f, o\ Z^l<fei<...<fei = fei+i<fc,+2...<fe2„<2'" n(jj)g7r |Cfc,,fej I 

< 2^k=l |Cfe,fe| X -li(ij)e7r\(i,»+l) Z^fc^=l Z^fc,=l Ffei.fej I 
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Note that for (j, I) ^ {i,i + l), 



(4.4) 



E2 ^-^ lij I 

kj=l Z^k,=l \^kikj 

L '"1-1 ' 
^ /[o,T]x[o,T]l/("'")|d"dv 



,_,r^\y\ti 



1 AuAv 



and that 



2"* 2" „ 



dwdw 



l^(^'")IV:jc,c-i]x[c^c-j("'^)'^"'^" 



Since / (•, •) e L^ ( [0,T] j and the set lS{li [C>C-i] x [^r^^r-i] converges to 
a null set in R'^ as ?7i — >■ oo. we have 



X!''^'''-.'''-! ^^ 



fc=i 



as TO — > oo. 

Thus by (|i3)) we have 



< 



Z^l<fci<...<fei = fei + i<fei+2---<fe2,i<2™ n(j,;)g^ |Cfc,fcj I 

/[o,T]x[o,T] l/(M,v)|dudvJ /^i^ [,™ ,™_^]^[,„ ,„ ^] |/(u,v)|dudv 
-^ as TO -> oo 



Now if (i, i + 1) ^ TT, then let tt (i) , tt (i + 1) denote the unique integers satisfying 
(i,7r(i)),(i + l,7r(i + l)) G vr. 

Assme now that (i, i + 1) ^ tt, then we have 



(4.5) 



z^i<fci<...<fci=/ci+i<fci+2---<fe2„<2" -^n'j')e^ |cfcjfej I 
< ^(i,])eT,\{(i,TT{i)),{:L+i,^(t+i))} Efc,=i E/cJ=i |cfc,fcj I 

E2 \~^'^ \~^^ I II I 

fc=i Z^fc„(i)=i Z^fc„(i_|_i)=i |c/c,fc^(i) I |Cfc,fc^(i+i) I 



LetF(w) :=/q |/ (m, u)| du, then as / (•, •) e L^ [0,T]^ we have F (•) e L^[Q,T]. 
Thus 



2"^ T 

Note that since i^ > 0, and that F {■) e i^, the integral 



/ F (u) F {v) dudv = F{u)du F{v)dv 
io -/q io 



(u) dv 



exist and thus (m, v) ^ F {u) F {v) is integrable on [0, Ty 
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Thus 



2" 2" 






fc=i 



,dwdw 



*r.*r-ij 



. dudu 



E /" i/(^'")iiu ,™ 1 ,,„ 

^ EX/(^)^(")l[C.C-Jx[*^^,*^-_jK«)d"dz; 

As (u,t;) ^ F{u)F{v) is integrable on i[0,T]^ and the set ufZi [^r^C-i] 
[t™,i)!^^] converges to a nuh set in R^. Thus 

as 7TJ -H* CX). 

This together with (|4.4p and (|4.5p we have 

l<fei<...<fc,=*:,+ i<fei+2---<fe2re<2'" 

^ (EX,^(-)^(-)l[C,*r-.]x[*™.™_J («,«)d.dz;) 



X I / 1/ {u,v)\ dudv 

'[0,T]x[0,T] y 

^ 

as ?n ^^ cxD. 

This completes the proof of the lemma. 

We now prove our main result Theorem [2j 



D 



Proof, (of Theorem [2]) By Proposition [TU the expected signature is given by the 
limit as 771 — > oo of the sum in Lemma 1151 

However, by Lemma [T71 for any ? > 1, as rn — !■ oo, 

1 



E 



\#k = l\\...\ifk = 2- 



y ■n(/j)G^|cfc,,fe^ 







l<ki<...<ki=ki^i<ki+2---<k2n<2" 

Thus 

limm^oo Z^l<fci<...<fe2„<2" #fe=l|!...|#fe=2™|! ' '^{j:l)eTi^kikj 
= limm-^oo Z^i<fej<...<fe2^^<2™ \#k=l\\...\#k=2"^\\^U^')^-^'^k,kj 
= limm^oo Z^l<fei<...<fc2„<2" n(jJ)g7rC/c,fe3 

where the last inequality uses the fact that for fci < /c2 < • • ■ < k2N, we have 
|#/s = l|!...|#fc = 2™|! = 1. 
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Note that 

= lR2'^{jd)e7rf{Uj,Ui)lr 1 r l{ui,...,U2n)dui...du2n 



Thus 



1— J-oo ^ — ' 

I<fel<fe2<---<fe2n<2'" 

hm y! A , r U,j,nerrf {uj,ui)dui...du2n 



771— ^OO 



tr_ ,,«?* X...X t;: 



Let A2„ (0, T) denote the smiplex {(ui, .., M2n) G I^^" : < ui < . . . < W2„ < T}- 
Then, 

< /l ^,t2^1x...xrc i.*r 1 n(,,)6.|/K-,^0|rf"i---rf«2n 

[ fcl-1' fclj [ '=271-1' fc2„J 

However, by Lemma \T7\ 

y^ n(j_/)g7r |cfe,fej| -^ asm -^ cx) 

l<fel<..<fei=fei+l<i:i + 2...<fc2n<2"» 

Thus for any 1 < i, as rn ^^ oo, 

Yl /r 1 r n n(;_j)g^ |/ (m^, u;)! dwi . . . du2„ 

i<fei<..<fc,=fc,+i<fc,+2...<fc2„<2'"-^[*ri-i.*rJx---x[*r2„-i^C2,JnA2iv(o,T) 

converges to zero. 
Hence, 

lim y^ L 1 r Il(^j,i)^^f{uj,ui)dui...du2n 

l<fcl<...<fc2n<2™ •' L'fci'*fci-lJ X...X [«fc2„' fc2„-lj 

= hm X! /r 1 r Ti{j,i)eT,I {Uj,ui)dui...du2n 

"^°°l<fci<...<fc2„<2™-^[*ri.*I"-iJx-x[C2„^C2„-iJnA2iv(0,T) 



^{l,j)e7vf iUj,Ul)dui ...dU2n 

A2„ 

Thus by Lemma [TSl and Lemma [Ml 

'r.„..,.2„(lE(5(W^))o^^ 
= hm 7r,,_,,(E{SiW{m)))^ 

771— J-OO \ 

y^ / U(^ij)iz.^f {Uj,Ui)dui...dU2n 

T •/ Ao/v 



^en^i .2„ ^'" 

D 



We now prove Proposition [3l 



EXPECTED SIGNATURE OF GAUSSIAN PROCESSES WITH STRICTLY REGULAR KERNEL$3 



Proof, (of Proposition [3]) For if > i, let Kh {t, s) be defined, for t > s, as 






\u-s\" ^u"^'^du 



where ch — 



H(2H-1) 



and /3 denotes the beta function. 



Then by |NVV99| . the fractional Brownian motion B^ can be represented as 



Bf ^ f Kh (i, s) dB, 
Jo 



where dBs denotes integration in the sense of Ito. 

Note that K{s'^,s) — for all s, K{-,s) is differentiable and has a positive, 
integrable derivative, and thus Kh satisfies (K2) and (K3). 

Now note 



KH{t,s) < CHS^^^t"^'- 



\u — s\ '^ du 



< 



< 



CH ^^-H^H-i 



H-\ 



(t^s) 



H- 



^'" .sh-H{2H~l 



H - 



and thus 



Kh {t, sf < 



CH 



H-\ 



sl-2H^iH-2 



and the right hand side is integrable in s. 

Therefore, Theorem[2]applies and Proposition[3]follows from a change of variable. 

D 



5. Right continuity at H ^ ^ 

We shall prove that the formula for the expected signature we give here reconcile 
with the expected signature of Brownian motion when we take limit as _ff — > ^. 
By self-similarity for fractional Brownian motions, it is sufficient to establish this 
continuity in the case T = 1. First we recall the expected signature of Brownian 
motion up to time 1: 

Proposition 18. [ Faw03| The n*'* level term of the expected signature of Brownian 
Motion up to time 1 is 






2"n! I '^ 



\i=l 



Equivalently, the projection to any basis of the form e^^ 



IS 



equal to ^. 

Note that the term e^^ ®ei^ ■ ■ -^Ci^^ appears in the expansion of f J2i=i Cif^ Cij 
if and only if the pairing 7r„ := {(1, 2) , (3,4) , . . . , (2n — 1, 2n)} is in Ili;^^...^i2„- Thus 
to prove the continuity of the expected signature as _ff — > ^ , it suffices to prove 
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(1) Let 7r„ denote the pairing {(1, 2) , (3, 4) , . . . , (2n — 1, 2n)}, then the integral 

/„ :== {H (2H - 1))" / n(;.j)g^^ {uj - uif"~'^ dui ... du2n 

converges to 2^ as iJ — > i. 

(2) The integral 



2H-2 



{H {2H - 1)) / n(,^j)£^ (Uj -M;) dui....du2n 



Ao 



converges to as 7J — > ^ for any n e E2n\'^n- 
We will calculate first the integral /„, which we may write explicitly as 

{H {2H - 1))" f m^i (U2j - U2j-lf"-^ dui... du2u 

^A2„ 

By Fubini's theorem, and using the notation ti2n+i ~ l, we can "integrate U2n^ 
first" to obtain: 

(if {2H - 1))" j n"^i {U2j - U2,-lf"'^ dui... du2n 



M2„ '-'-] 

,n rl cU2n rU2 



{H {2H ^ 1))" /; /;- ... C l\^U ("2. - U2,-,Y"-' du,... du2n 



(i?(2i?- 1))"/;/;— ...Cn^.i r^:; k- -^2,-1^-^^^.: 



I-2J 



duidu^ . . . dU2n-l 



H" Jp /g"^" ^ ... /p"^ n^^i ("2i+i - ""2^-1)^ ^ duidu3du5 . . . du2n~i 
Taking limit as ii — > i and using the bounded convergence theorem, we have 



lim^^ 1 H"- J C" "... C n"^i (u2j+i - U2j 



^2H-l 



J = 

' l\n r-1 fU2„-3 /-"a 



duidusdu^ . . . du2n- 



(5) /o /o"""" ^ ••• /o"'' duidusdu^ . . . du2n-i 



1 

2"n! 



Now we consider other pairings n in Tli-^^...^i2„, that is when there exists a fc,i 
such that k — i > 1 but(z, k) E tt. We have 



{H{2H-1))"J^ n(;j)e^ (uj - u/) dui...du2n 



(5.1) < (i/(2H-l)r-7^ 



N2ff-2 



2H-2 



{uj — ui) duiduj 



X {H{2H - l))/(ufe -Ui) l[«._i,«,+iix[«fc_i,«fc+i] {ui,uk)duiduk 



Note that 



s2H-2 



H{2H-l)i [uk-Ui) l[«._i,„i+i]x[«;,._i,«fc+i] (wj,Ufc)dujdufc 



n2H-2 



< H{2H-1) (uk-Ui) '^[Q,uk-i]x[uk-iS]iui,Uk)duiduk 



^ 1-5 



l-^.2^l-(l-^.fe_l)^« 

2H-1\ 



where the final inequality holds because < 1 — a;^'^ — (1 — a;) < 1 — (i) 
for H> h- 



,2H-1 
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Thus by dSU, 

{H {2H - 1))" / ^{l,j)<E7v (Uj - Uif"^"^ dui... dU2n 

J An,, 




xn-1 



A2„-2 '- 



.2H-2 



Note first that 



xn-l 



\2H-2 



{H{2H-1)) I ^(uj)e7T\(t,k) {uj-ui) duiduj 

"'A2„-2 '- 

< {H{2H-l)Y I Ilaj-j^^luj ~ui\'^"~^ dui...du2n 

= {2H{2H^l)r(j I \y - xf""-' dxdy\ 



{2H{2H-l)rn I' \y ^ xf"-' dxdy 



= 1 



Thus 



{H {2H - 1))" / n(i j)g^ {uj - uif" '^ dui ... du2n 



A2 




as iJ -> i . 
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